NORTH SYDNEY GIRLS HIGH SCHOOL
YEAR 12 - TERM 2 ASSESSMENT

2007

MATHEMATICS

EXTENSION COURSE 2

TIME ALLOWED: 60 minutes
Plus 2 minutes reading time

INSTRUCTIONS:
e Start each question on a new page
e Hand each question in separately, including a sheet for non-attempts
e Show all necessary working

This task 1s worth 35% of the HSC Assessment Mark




Question 1 (20 Marks)

(a) Use implicit differentiation to find the value of ? at the point (1,-2) on
X
(x+y)’ =—x

(b)

i. Express x* —4x+6 inthe form (x—a)’ +b
ii. Consider the implicit function

2x*y —8xy+12y+1=0

Express 'y' in terms of 'x' ie y = f(x)

iii. By writing the denominator of f(x) in part (ii) in the form in part (i),
ie (x—a)’ +b, find the domain and range of y = f(x).

(c) Given the equation
2x* +2y° = xy+30

i.  Show that Q(4y—x) =y—4x
dx

ii. Find the respective points where the curve has horizontal tangents AND
where it has vertical tangents

iii. Use the information from part (ii) to help you sketch the graph of the function,
showing its important features.

(d) The equation |z +4 —2i | —| z—=2-2i | =1 corresponds to a hyperbola.

i.  Write down the complex number which represents the centre of the hyperbola.
ii. State the lengths of its semi transverse and semi conjugate axes.

Question 2 (20 Marks)

(a) The three roots of x° + px+¢q =0 are given by, Bandy .

Find a cubic equation whose roots are o, 3° andy°.

(b) (i) If (x—r) is a factor of the polynomial P(x),
prove that (x —r) is a factor of P’(x).

(ii) The polynomial P(x)=x* +bx’® +cx” — 24x + 36 has a double zero at x =2.
Determine the values of »and cand hence write P(x) as a product of
four linear factors.

[



(c) (i) Use De Moivres theorem to find the roots of z° +1=0 showing that they
are equally spaced on a unit circle in an Argand Diagram. 2

(i) Express z° +1 as a product of irreducible factors with real coefficients. 3
(ii1) Show that cos£+ cos3—n = 1 and cos—cos— = — 1 3
5 5 2 5 5 4
Question 3 (20 Marks)
a) 1 Find the real values of £ for which the equation
2 2
SN A
6-k 4-k
defines respectively an ellipse and an hyperbola. 3

i1 Sketch the curve for £ =5 showing its important features.
iii Explain how the shape of this graph changes as & increases from 5 to 6
and determine if the graph has a limiting position for this increase.

b) P(acosB,bsinf) where 0 <0 < %, is a point which lies on the ellipse

2 2
x
a” b
An interval is drawn from O the origin, parallel to the tangent at P, to meet the

ellipse at Q.
bcosO .

Show that the equation of OQis given by y = ———
asin@

—

i1 Show that there are two possible positions of O given by
(asin@,—bcosO) and (—asinB, bcosO).

iii Let M be the foot of the perpendicular from P to OQ.
Hence, or otherwise, prove that the area of AOPQ is independent of 6.

End of paper

4
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Question 2

(8 X+px+g=0=x(x*+p)=-q
(X + p)Z:q2
Let y=x"
~y(y+p) =
LY+ 2pyt+ ply—-0° =0
Alternatively
Lety=x*= x=fy
X px+q=0:>(\/§)3+ pJy+q=0
awN+mf=—

Wy+p)=—a=[y(y+p)] =q
~y(Y +2py+p°) =0
2

Y H2pYP + piy-g° =0

(b) () PX)=(x-r)Q(x), Q(r)#0
- P(x)= ( )QUF%X r°Q(x)
S P(X)=(x=1)[2Q(x)+(x-1)Q(X)]

(i) P(x)=x*+bx®+cx® —24x+36=(x-2)*Q(X)
~P(2)=P(2)=0

P’(x) = 4x%+ 3bx* + 2cx — 24

P(2)=16+8b+4c—-48+36=0

~.8b+4c+4=0

~2b+c=-1 -(1)
P’(2)=32+12b+4c—24=0

~12b+4c+8=0

- 3+c=-2 -(2)

(2)-(1)=b=-1

~c=1

~b=-lLc=1

< P(X)=x* = x*+x* - 24x+ 36 = (x— 2)*(x* + Dx+9)
Substitute x =1: 1-1+1-24+36=1(10+D)

~ D=3
A P()=x* —x* +x7 = 24x+36=(x—2F (x> +3x+9)



2 2
Now x> +3x+9=x"+3x+21+83 = R A (N A
2 4 2 4
3..3/3 3 .33
XX+ 9= Xt — || X+ == —
2 2 2 2
3
P(x)=(x—2)(x—2)(x+ +|—][ E—I—]

411()( 2)(x— 2)(2x+3+|3\/—(2x+3—|3\/—)

(c) (i) 2Z2=-1=cis(z+2kn)=cis(2k+1)7, ke Z

.(2k+1
s.Z=Cis
5
. (n 2rk
Z=Cis| =+ —/—
5 5

2 . .
|72 =1and argz are il radians apart. So the solutions are equally spaced around a
5

)n [de Moivre's Theorem|

unit circle.

o) Jof ) 2o
ceaofg)of edZ)ol 3

0 #rasteafead)leof )]e-o{ 5] od )

=(z+ 1)(22 — chos%+lj(z2 -~ chos%ﬂ+l)

[ (z—a)(z-a&)=Z - 2zRea + Ialz}

(i)  Now —1+ cis(£j+ cis(—£j+ cis[3—ﬂj+ cis(—g—”j =0 (sum of rootsof z°+1=0)
5 5 5 5
2COS% + ZCOS%r =-1 (a+a=2Rea)

T 3 1
.. COS—+ COS— = ——
5 5 2



Substitute z=i into z° +1=(z+ 1)(22 — chos%+1)(z2 - ZZCOS%”Jrl)
S Hl=(i 1)(—2i cos%)(—Zi cos%rj

~1=-4 cosE 0053—7r
5 5

T 3n 1
.. COS—COS— = ——
5 5 4

Alternative 1

. 5 2 7[ 2 37[
Using Z°+1=(z+1)| Z - ZZcongrl Z - 22005€+1
Equating the coefficients of z of both sides obtains:

0=1- 2cos£— 20053—7r
5 5

Equating the coefficients of z° of both sides obtains:

0=1+1+ 4cos£cos3—7r - 20055— 20033—7r
5 5 5 5

- dcos cos T Z(COSE + cos%] -2=-1 [ from (1) ]
5 5 5 5
T 3
.. C0S—=COS— =—=
5 5 4

Alternative 2
2 +1= (z+lﬁ—z+z2 -z +z4)

= (Z+1{z2 —2zcos%+lIZ2 —220053?7:+1J

cl=z4+z2 =22 +2¢ =(22 —22(:05%-%—1122 —2zcos%+lj

Equating the coefficients of z of both sides obtains:

—2cos£—2cos3—ﬂ=—1
5 5

T 3
;. COS—+CoS— =
5 5

Equating the coefficients of z° of both sides obtains:

1+1+4cos£cos3—ﬂ:1
5 5



4cos£cos3—7r =-1
5 5

T 3w 1
L. COS—COS— = ——
5 5
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